An exact conformal model representing a constant magnetic field background in heterotic string theory is explicitly solved in terms of free creation/annihilation operators. The spectrum of physical states is examined for different possible embeddings of the magnetic U (1) subgroup. We find that an arbitrarily small magnetic field gives rise to an infinite number of tachyonic excitations corresponding to charged vector states of the massless level and to higher level states with large spins and charges.
Introduction
Recently, a class of conformal models representing D = 4 axially symmetric magnetic field backgrounds in closed bosonic string theory was shown to be exactly solvable [1, 2] . Like string theory in flat space, or on orbifold [3] , or open string theory in constant magnetic field [4] , these quantum string models can be represented in terms of free creation/annihilation operators, so that the physical spectrum, partition function, vertex operators, etc., can be explicitly determined. In contrast to some other solvable models, here the underlying space-time geometry is non-trivial (e.g. the curvature is non-zero and may be singular in some cases). These backgrounds generalize exact string solutions found in [5, 6] .
The physical spectrum has exhibited the presence of tachyonic instabilities for infinitesimal values of the magnetic field. Instabilities at finite values of magnetic fields (observed previously in Yang-Mills gauge theory [7] and in open string theory [4, 8] ) indicate the presence of a phase transition [7] . 1 In the case of unbroken gauge theory the constant magnetic background is unstable already for an infinitesimal magnetic field [7] (this infinitesimal instability goes away once the gauge symmetry is spontaneously broken; the magnetic field which is necessary to produce an instability is then of the order of the mass of the charged vector bosons). Such infinitesimal instability is expected for charged massless string states (members of Yang-Mills multiplet) 2 and, similarly, should disappear after these states acquire some masses through spontaneous symmetry breaking. Although higher-spin string states may seem to be protected from this instability by large masses, it nevertheless turns out that an infinite number of them become tachyonic when an infinitesimal magnetic field is turned on [1] . This does not happen in the case of the open string theory [4, 8] , where, as in the broken gauge theory, one needs a finite (Planck-order) magnetic field in order to make originally positive (mass) 2 string states tachyonic. The important feature of closed string theory is that, in contrast to the open string case, here the charges of states are not fixed but (like masses and spins) can take arbitrarily large values. As a result [1] , there are states for which the gyromagnetic coupling term (∼ f QJ) overpowers the free string mass term for a magnetic field f ∼ 1/Q, which can thus be arbitrarily small for large enough charge Q.
The question that will be addressed in the present paper is whether these instabilities appear also in the heterotic string case [11] . We shall show that the magnetic field necessary to produce tachyonic states in the heterotic string models is indeed arbitrarily small. In addition to the tachyonic charged vector modes of the 'massless' level there is an infinite number of tachyons corresponding to higher spin and charge states of the free string theory. 3 The heterotic string models discussed below which describe constant magnetic background were already introduced in [1] . 4 Starting with 10-dimensional heterotic string theory one can embed the Abelian magnetic field either in the Kaluza-Klein sector (assuming that 6 dimensions are compactified on a torus, one of the periodic coordinates being used to couple the magnetic field) or in the internal E 8 × E 8 or SO(32) gauge sector.
The two heterotic models realizing these two options will be discussed below. They appear to be closely related and have similar properties. The Kaluza-Klein (KK) embedding option is the only one available in the bosonic string and closed superstring cases [1] . The type II superstring model based on direct (1, 1) supersymmetric generalization of the bosonic model of [1] turns out to have residual space-time supersymmetry and thus no tachyons in its spectrum. 5 The same applies to its 'left' (1, 0) truncation: the corresponding heterotic string model is stable. It should be noted that the 'magnetic' interpretation of these models is rather artificial, since the Abelian KK gauge field here cannot be identified with the usual Maxwell field. The two 'right' (0, 1) heterotic models (with KK and with gauge sector embedding) have no residual space-time supersymmetry and exhibit tachyonic instabilities. Tachyonic instabilities in the presence of an infinitesimal magnetic field are inevitable in any theory containing massless Yang-Mills vector bosons with non-zero U (1) em charges. What is new in closed string theory is that these infinitesimal instabilities are associated also with higher level string states and should thus survive even after gauge vector bosons become massive. (e.g. originating from supersymmetry or gauge symmetry breaking) to the masses of all string states. 4 Other magnetic (monopole-type) solutions in heterotic string theory were discussed, e.g., in [12, 13, 14] . 5 In this paper we shall use the fermionic string (NSR) formalism. The models we consider can be solved also using the Green-Schwarz approach: the exact conformal invariance of the bosonic background implies the existence of κ-supersymmetry and the existence of the covariantly constant null Killing vector makes it straightforward to fix the light-cone gauge both for bosons and spacetime fermions. 6 The instability could only be removed by Planck-order mass corrections to massive states (for a further discussion see Section 5).
We shall start in Section 2 by describing the actions of the heterotic models associated with a uniform magnetic background of [1, 5] . We shall present the corresponding actions both in the manifestly Lorentz-invariant and in chiral boson forms, the latter being useful for establishing the relation between the two 'right' heterotic models (which can be interpreted as two special cases of the O(6, 22) duality-invariant action [15] of toroidally compactified heterotic string).
To find the spectra of states of these models we shall follow the same method as used in the bosonic case in [1] : solving explicitly the classical equations, quantizing the theory canonically and expressing the quantum Virasoro constraints in terms of free creation/annihilation operators. We shall first consider the 'right' heterotic model with KK embedding (Section 3) and demonstrate the presence of tachyonic instabilities in its spectrum. We shall also explain why these instabilities are absent in type II superstring, 'left-right symmetric' and 'left' heterotic string models with KK embedding (in agreement with space-time supersymmetry of these models).
Using the results of Section 3 we shall finally determine in Section 4 the spectrum of the 'realistic' heterotic string model with magnetic U (1) subgroup embedded in the E 8 × E 8 or SO(32) internal gauge symmetry group. As in the case of the 'right' heterotic model with KK embedding, there is an infinite number of tachyonic states for any given arbitrarily small value of the magnetic field strength.
Section 5 will contain a summary and concluding remarks.
Actions of the heterotic string models
As discussed above, our aim will be to solve the superstring and heterotic string versions of the bosonic constant magnetic field model studied in [1] . To embed an Abelian magnetic field in a closed superstring theory one is to consider a toroidal compactification ("Kaluza-Klein" embedding). In addition to KK embedding, in the heterotic string theory there is also an option to interpret the magnetic field as belonging to an Abelian subgroup of an internal gauge group (gauge sector embedding). The models we shall discuss below are thus type II closed superstring with KK embedding (and closely related 'left-right symmetric' heterotic model), its two inequivalent 'left' and 'right' heterotic truncations and the 'right' heterotic model with gauge sector embedding of the magnetic field. Many technical details of the solution of these models will be similar.
The exact conformal invariance of these models as well as their space-time interpretation were already discussed in [5, 1] . The corresponding 4-dimensional space-time background which solves the heterotic string (as well as compactified D = 5 superstring and bosonic string) equations of motion, in particular (µ, ν = 0, 1, 2, 3)
is given by [5] (we list only the non-vanishing components of the fields)
2)
The magnetic field is constant in this natural frame where the metric is stationary (it is covariantly constant in a general frame). The dilaton is trivial and the curvature and the antisymmetric tensor vanish in the absence of the magnetic field. Let us first recall the form of the actions of these models [1] (we shall use 2d fermionic NSR formulation). The (1, 1) extension [1] of the bosonic model of [5, 1] is
Here u ≡ y − t, v ≡ y + t whereas y ≡ y + 2πR is the internal KK coordinate. This model and its truncations discussed below are 'self-dual' with respect to duality in y direction (with R → α ′ /R). t, x m (m = 1, 2, 3; i, j = 1, 2) are the 4-dimensional space-time coordinates. The isometry coordinate x 3 is the direction of the constant magnetic field,
λ µ L and λ µ R are Majorana-Weyl fermions (we omit additional free 5 bosonic and 5 left and 5 right fermionic coordinates). This model corresponds to an exact solution of type II superstring theory. It preserves space-time supersymmetry [16, 5] and the action (2.4) has, in fact, extended (4, 1) world-sheet supersymmetry.
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There are four 'magnetic' heterotic models which are closely related to this superstring model (2.4), and, in particular, correspond to the same space-time background (2.2),(2.3):
7 Performing the electromagnetic duality on this background one can find its S-dual, which will have non-constant dilaton (note that the axion is non-trivial here) and only electric component of the vector field. The resulting string model will not, however, be conformal to all orders in α ′ (Sduality may be expected to be a symmetry of the D = 4 heterotic string only non-perturbatively in string coupling). 8 We shall use the following notation:
The fermionic indices are coordinate ones with λv ≡ λ v + 2A i λ i . 9 This is not surprising given that for the non-compact y the bosonic model admits a planewave interpretation and is equivalent to a non-semisimple WZW model [17] .
three ('left-right' symmetric, 'left' and 'right') models with KK embedding of the magnetic field and the 'right' model with the magnetic field embedded in the internal gauge sector.
The model (2.4) can be also interpreted as a heterotic σ-model [18, 19] corresponding to a 'left-right symmetric' heterotic solution obtained by the standard embedding of a closed superstring solution into the heterotic string theory.
10 This solution also preserves one half of maximal space-time supersymmetry [16] and the corresponding σ-model is (4, 1) supersymmetric. In addition, there are two non-trivial, inequivalent heterotic string models which are obtained by (1, 0) and (0, 1) supersymmetric truncations of (2.4) [5] . Both models represent exact heterotic string solutions when combined with a free internal fermionic sector (there is no need to introduce non-vanishing internal gauge field background [5] ). The (1, 0) (but not the (0, 1) one) truncation also preserves 'one half' of space-time supersymmetry (N = 2, D = 4) and has extended (4, 0) world-sheet supersymmetry [5] . Omitting the additional free space-time and internal fermionic contributions the corresponding actions can be written as follows:
The above actions describe string models with the magnetic field embedded in the KK sector. Starting with the bosonic background (2.2),(2.3) one can construct the heterotic σ-model where the magnetic field appears in the internal gauge sector [1]
Here e 0 ≡ 2/α ′ and λt R = 11 This representation will be useful for the solution of this heterotic string model, so let us discuss it in some detail. The reason why we can give a conformal and (on-shell) Lorentz-invariant chiral boson description of this model is that the coupling term (
is linear in the KK coordinate y and is chiral. As a result, y can be consistently truncated to its 'chiral' part.
12 Following [20, 21] one can describe this coupling by a chiral scalar action which is not manifestly Lorentz invariant but defines a Lorentz-invariant theory on-shell. Starting with the bosonic y-dependent part of (2.4) or (2.7) 9) and introducing the dual fieldỹ one finds the following 'doubled' action (see [21] and section 2.
Equation ( (y ±ỹ) (2.10) becomes
The equations that follow (under proper boundary conditions) from (2.11) and (2.12) are
Since y − is decoupled from the rest of the fields it can be consistently set equal to zero. Like the original theory (2.9), (2.10), and the theory of the free chiral scalar y − , the theory defined by I(y + , A − ) is also Lorentz-invariant on shell (this can be easily checked by computing its stress energy tensor on the equations of 11 In general, the fermionic description of the internal sector of a heterotic string model is more fundamental: it can be replaced by a chiral bosonic one only in special cases. 12 As discussed in [1] , (2.8) can be obtained from (2.7) (with decoupled fermionic components λ u L , λv L ) by 'fermionising' the compact internal coordinate y and dropping extra free field terms in the action. motion). Since the equation of motion that follows from (2.9) is ∂ + (∂ − y + A − ) = 0 the chiral truncation corresponds to choosing only the solutions which satisfy ∂ − y + A − = 0 (note that for generic A − such y = y + will depend on both τ − σ and τ + σ). The action (2.12) can be rewritten also as (
The equivalent form of the heterotic action (2.8) with the bosonic representation of the internal sector is obtained by replacing the fermionic ψ-terms, together with the A +Â− -term in (2.8), by I(y + ,Â − ),
(2.14)
y + should be identified with one of the coordinates y I L of the 'left' 16-torus of the internal sector of the free heterotic string. In general, the coupling to the 16 Abelian vector fields A I µ of Cartan subalgebra is described by the action
and e I a are the generators of the even self-dual 16-lattice (Γ 8 × Γ 8 or Γ 16 [11] ). The two 'right' heterotic models (2.7) and (2.14) are closely related. Indeed, (2.7) can be put into the form similar to (2.14) by first using that u = y − t, v = y + t and then replacing the y-dependent part of the action (i.e. (2.9) with A − →Â − ) by the equivalent form (2.10):
In view of (2.11) one can also trade the (y,ỹ)-terms for the (y − , y + ) ones. Then it becomes explicit that (2.14) is just the y − = 0, λŷ = 0 truncation of (2.17).
The actions (2.14) and (2.17) are the special cases of the action [15] of the D = 4 heterotic string compactified on a torus [22] . Let y α (τ, σ) be 28 fields that parametrize 28-torus conjugate to an even self-dual lattice of signature (6, 22) . The invariant metric of O(6, 22) can be chosen as T -duality invariant heterotic string action are given by [15, 21] 
The case of (2.10),(2.17) corresponds to y α = (y,ỹ), M = I, A α µ = A µ , while that of (2.12),(2.13),(2.14) corresponds to
14 3. Solution of the heterotic string models with magnetic field in the KaluzaKlein sector
To determine the spectrum of the conformal models defined by (2.4),(2.6), (2.7) one may follow the same strategy as used in the bosonic case in [1] . The simplest model to solve is (2.6). In the light-cone gauge (λ u = 0) the bosonic and fermionic variables essentially decouple and the solution reduces to that of the bosonic model with trivial modifications due to the presence of the free fermionic oscillators. As a consequence, one finds that GSO projection [23] eliminates tachyons which were present in the bosonic case, the spectrum is symmetric between bosons and fermions and the partition function vanishes. This 13 y α can be assumed to be compactified on circles of radii R = √ α ′ with information about the specific torus being encoded in moduli. Note that the upper block of L αβ is diagonalized by
(y 1 − y 2 ) with y 1,2 having the same normalization as y α .
14 Note that the action (2.18) in [15] differs from (2.10),(2.12),(2.13) by the Lorentz-invariant 'counterterm' A − A + , which can be absorbed in the x-dependent part of the action and must be present in (2.14),(2.17) (for a discussion of this term in connection with scheme dependence see
conclusion is consistent with space-time supersymmetry of the corresponding background [5, 16] . The resulting stability of this heterotic string model may be surprising in view of the conclusion [4, 8] that the constant magnetic field background in the open superstring theory is unstable for certain values of the magnetic field. Indeed, F ij = const background breaks space-time supersymmetry of this theory and (as in the bosonic open string case) there are tachyonic states in its spectrum. The heterotic model (2.6) has world-sheet supersymmetry in the left ('charge') sector and, therefore, here the presence of the magnetic background does not spoil the space-time supersymmetry. 15 The type II superstring model (2.4) inherits the space-time supersymmetry of its 'left part' and is also stable (has no tachyons and zero partition function after the GSO projection). It is the model (2.7) that is the analogue of the open superstring model: here the world-sheet supersymmetry is present only in the right sector and as a result the spacetime supersymmetry is broken (see also [5, 16] ). As we shall show below, this model has indeed tachyonic instabilities (in particular, the usual Yang-Mills ones). It will turn out that the heterotic (0, 1) model (2.8),(2.14) with the gauge sector embedding of the magnetic field will have similar properties. Since its solution can be obtained from the solution of (2.7) by a 'chiral truncation' (cf. (2.14),(2.17)) we shall first consider the latter model in detail.
Quantization and Virasoro conditions
R one can represent the action (2.7),(2.5) in the form (we omit additional free field terms and the subscript R on fermions)
The equations of motion are given by
3)
Since u, λ u satisfy free equations, we can fix the remaining conformal symmetry by choosing the light-cone gauge u = u 0 + p + σ + + p − σ − , λû = 0. The general solution of (3.3) is then
where the subscripts ± indicate dependence on σ ± = τ ± σ, i.e. X ± = X ± (σ ± ), etc. The closed string periodicity conditions x(σ + π, τ ) = x(σ, τ ), λ(σ + π, τ ) = ±λ(σ, τ ) are easily implemented by setting 8) where the new fields satisfy the standard "free-theory" boundary conditions, X ± (σ, τ ) = X ± (σ + π, τ ) and χ − (σ + π, τ ) = ±χ − (σ, τ ), with the signs "±" corresponding to the Ramond (R) and Neveu-Schwarz (NS) sectors. Thus
The zero mode parts of the fields are (u ≡ y − t, v ≡ y + t) y zero = y 0 + 2Lσ + kτ, t zero = t 0 + pτ , (3.11)
12)
If y is compactified on a circle of radius R then L = Rw, w = 0, ±1, .... The stress tensor components corresponding to the model (3.1) are given by
The classical expressions for the Virasoro operators L 0 ,L 0 are, in the R-sector,
The expressions in the NS sector are similar. Using (3.9) we obtain from (3.1) the canonical momentum of y
J R is the 'right' part of the angular momentum
Since the background is stationary, the string also has conserved energy
Expressing (3.16) and (3.17) in terms of E, p y , L (or E, Q L,R ) and oscillators, we obtain
We can now quantize the theory in a standard way by promoting the Fourier modes to operators acting in Fock space and imposing the canonical commutation relations. They imply the commutation relations for the zero modes ([y 0 , p y ] = i so that the momentum eigenvalues are p y = mR −1 , m = 0, ±1, ...) and
Symmetrizing the classical expressions for L 0 ,L 0 and J R we then normal-order them and use the generalized ζ-function prescription. 16 In the R-sector the bosonic and fermionic normal ordering constants in L 0 cancel out completely, i.e. one finds only thatL 0 →L 0 −1. In the NS sector one obtains:
To write down the resulting expressions for the Virasoro operators it is convenient to introduce the creation and annihilation operators as follows
29)
where
f p + , n = 1, 2, ... . The subscripts ± correspond to components with spin 'up' and 'down' respectively. We have assumed that 0 < f p + < 2. For f p + > 2 or f p + < 0 the creation/annihilation roles of some operators change but the analysis remains essentially the same (see [2] for a detailed discussion of this point). The Fock vacuum obeys also d * −n |0 = d n |0 = 0, n > 0 and c * −r |0 = c r |0 = 0, r > 0. Symmetrizing and normal-ordering the classical expression for J R (3.19) we get
The Virasoro operators (3.23), (3.24) should include also the contributions of additional free degrees of freedom. In the standard bosonic description of the heterotic string theory [11, 24] there are 16 left (internal sector) chiral bosons y I L (I = 1, .., 16) (see (2.15), (2.16)) compactified on a torus corresponding to the even self-dual 16-lattice
n a e I a , (3.32) 16 In contrast to the bosonic case [1] here the (f p + ) 2 normal ordering terms cancel out between bosons and fermions in (3.23) and do not appear in (3.24) . In the bosonic case the modular invariance requires regularizing the left and right sectors together in a symmetric way [1] (this is equivalent to using
(n + a) = − 
Including also the contribution of the remaining 5 free non-chiral bosonic fields of the supersymmetric sector (α = 5, ..., 9) 17 we get from (3.23),(3.24)
and the free-theory operators N L and N R are (e.g. in the Ramond sector):
The Virasoro conditions are thusL 0 =L 0 = 0, i.e.,
Separating the spin part of the angular momentum,
2 ) + S R , we obtain from (3.41):
where l = 0, 1, 2, ..., is the Landau level.
18 17 We are assuming that the D = 10 heterotic string is compactified on a 6-torus
where S 1 is the y = x 4 -circle used to embed the Abelian magnetic field and T 5 corresponds to the additional free coordinates. For simplicity, we shall consider only the states which have zero winding number in these 5 additional free dimensions. In particular, various generalizations along the lines of [22] are straightforward. 18 In the non-relativistic limit one finds the following expression for the gyromagnetic factor of an arbitrary physical state,
, which was discussed in [1, 2] in the context of the bosonic model. As was pointed out in [2] , the presence of the term O(M/Q L ) in this model is accidental and is due to the non-vanishing antisymmetric tensor with strength proportional to the magnetic field. The universal expression for the g-factor associated to the intrinsic magnetic moment of the particle in heterotic string theory is [25] : g = 2
. This expression was confirmed in [2] for a general class of exactly solvable models describing magnetic backgrounds.
Energy spectrum and tachyonic instabilities
The analysis similar to the one carried out in the bosonic case [1] shows that this model has tachyonic states in its spectrum. Indeed, the resulting form of the Hamiltonian and level matching constraint is very similar to that in the bosonic case: the only differences are the presence of the fermionic terms in the operators N R , J R , different normal ordering constants and the standard free heterotic string term (p I L ) 2 in the left Virasoro operator (3.35) . Since the constraints (3.41) are expressed in terms of free creation/annihilation operators and are diagonal in Fock space the spectrum is found in the same way as in the free heterotic string theory. As follows from (3.41), the equation for the energy spectrum can be represented as
The GSO projection [23] in the supersymmetric right sector implies thatN R can take only non-negative integer values (N R corresponds to the number of states operator of the lightcone Green-Schwarz formulation). As a result, there are no tachyons in the free (f = 0 ) heterotic string theory. For a non-zero field f , the energy levels of the free heterotic string split according to the value of the 'right' contribution to the angular momentum J R and the 'left' charge Q L . As follows from (3.43),(3.44),(3.45), for f = 0 there are states for which E is complex. This indicates the presence of a tachyonic instability. 20 Equation 
.).
One particular choice of parameters and quantum numbers that leads to tachyonic states is
46)
19 For the purpose of identifying some tachyonic states in the spectrum it is enough to consider only the states with vanishing momenta in extra free directions, p α = 0. 20 This instability is also reflected in the partition function which has infrared divergences at those values of f for which the energy gets an imaginary component [1] .
Consider components withĴ R > 0. It follows from (3.45) that a given state becomes tachyonic in the range f cr(1) > f > f cr (2) ,
In particular, m = 1,N R = 0 gives the standard charged vector (Yang-Mills) instability which appears already for an infinitesimal f . For the states with large m and lying on the leading Regge trajectory (with maximalĴ R , i.e. with zero orbital quantum number l = 0 and maximal spin at a given level),N R ≃Ĵ R ∼ m 2 , we find that √ α ′ f cr ≃ 2/m. Thus the higher the charge and spin of a given state, the smaller the magnetic field needed to make it tachyonic.
Also, for any given arbitrarily small f there exists an infinite number of tachyonic states with large enough charges and spins. For large m, these are states which in the Regge diagram lie between the parabolas,Ĵ R = c N R + 1 ± c, c = 2/( √ α ′ f ). Indeed, for fixed f all states with Similar results were found in the bosonic string case [1] and will apply also to the heterotic string model (2.14) considered in next section. This pattern of tachyonic instabilities is different from the one found in the open superstring theory [8] . In particular, it reflects the fact that in closed string theory there are states with arbitrarily large values of charges. Since this discussion applies to both Neveu-Schwarz and Ramond sectors, there are also an infinite number of space-time fermions with an imaginary part in the energy. This conclusion is also different from what happens in the open superstring theory where there are no tachyons in the R-sector [8] . As expected, the massless spin 1 2 fermions do not become tachyonic for f = 0 (for them the contribution of the gyromagnetic coupling cancels against the energy of the zeroth Landau level).
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Now let us consider the model (2.6).
It has supersymmetric left and nonsupersymmetric right sector, so that the free-theory parts of the Virasoro operators (3.34) and (3.35) are interchanged (with p I R replacing p I L ). The interaction (f -dependent) term 21 The presence of higher spin fermionic states with complex energy does not seem to be in conflict with the standard field-theory expectation that 'tachyonic' fermions contradict unitarity of the theory since here the background metric is non-static.
is now purely bosonic (there is no fermionic contribution inĴ R ). As a result, the analogs of the conditions (3.43),(3.41) are
The GSO projection here applies to the left sector implying thatN L = 0, 1, 2, .... Now Q L appears both in the interacting and the free part of the energy relation (cf. (3.43) and (3.49)) so that (3.49) can be put in manifestly non-negative form (cf. (3.44))
The expression for the energy spectrum in type II superstring model (2.4) is found by combining the above expressions and again is manifestly non-negative. The obvious difference with respect to the heterotic model (2.7) is in the form of the level matching constraint (nowN R =N L + mw). Apart from the fact thatĴ R again contains the fermionic part, the expression for E 2 is identically the same as (3.49) or (3.51).
Since the magnetic field couples to the spin, a priori one expects that in any magnetic field background there will be a mass splitting between fermions and bosons, and hence supersymmetry will be necessarily broken. One may wonder how the 'left-right symmetric'
and 'left' heterotic (and type II superstring) models managed to preserve supersymmetry and hence avoid tachyonic instabilities. The reason is that here the magnetic field does not couple to the total spin, but only to the right part of it, and the latter may happen to be the same for fermions and bosons. 22 Both the 'left-right symmetric' (or type II superstring)
and 'left' heterotic models still have an equal number of bosons and fermions with the sameĴ R and, as a result, an equal number of bosons and fermions at each level. The formal mechanism responsible for avoiding tachyons in these models is GSO projection. It eliminated not only ground state tachyon but also certain higher level states of the free bosonic string spectrum which otherwise would become tachyonic in the presence of the magnetic field. For example, the electrically charged massless vector states which appear in the bosonic string compactified on a circle of radius R = √ α ′ , and which become tachyonic in the presence of the magnetic field, are actually projected out by GSO in the above two theories. 22 Note that in heterotic string theory it is not possible to couple the magnetic field to the total spin.
Heterotic string model with a magnetic field in the internal gauge sector
Let us now describe the solution of the 'right' heterotic model (2.8) or (2.14) where the magnetic field appears in the internal gauge symmetry sector. The two 'right' heterotic models (2.7),(2.17) and (2.14) are closely related: as discussed in Section 2, (2.14) is just a chiral truncation of (2.17) . Given that the two actions (2.14) and (2.17) are special cases of the action (2.18) of the heterotic string compactified on 28-torus, which is manifestly invariant under the T -duality group O (6, 22) , it is natural to expect that the two models have similar properties, in particular, the heterotic model (2.14) with the gauge sector (Cartan subalgebra) embedding of the Abelian magnetic field also contains tachyonic states in its spectrum.
The solution of the model (2.14) is found by repeating the discussion of the previous section while dropping the y − part of y = y + (τ, σ) + y − (τ − σ), i.e. by choosing the special
Then eqs. (3.5)-(3.13) still apply, in particular, 
The definition of the momentum (3.18) is also modified (∂ 0 y + does not appear in the interaction term in the action, see (2.12)), but the final expression is still formally the same as in (3.18) after we use (4.3)
As a result, the 'right' charge in (3.22 ) is now equal to zero, i.e.
The expressions for the Virasoro operators and the Hamiltonian are still given by (3.34)-(3.36) with Q R = 0 and Q 
The values of L + and Q L are determined by the allowed values of p 1 L which depend on the choice of one of the two possible integral even self-dual 16-lattices [11] . The final expressions for the Virasoro operators are 9) so that the analogues of the constraint (3.41) and the energy spectrum relation (3.43),(3.44) areN
10)
As in the case of bosonic string and heterotic string with Kaluza-Klein embedding (2.7) discussed above, the expression for E 2 is not manifestly positive so that tachyonic instabilities are expected to appear. To determine the presence of states with complex energy let us consider the simplest configuration with zero momenta in 6 extra dimensions p α = 0. Then (4.10),(4.11) imply (cf. (3.44),(3.45)) (E + fĴ R ) 2 = 4α
Note that (4.12) is the same as the condition (3.44) on the spectrum of another 'right' heterotic model (2.7) in the special case of Q R = 0 (3.46) discussed in the previous section. As in that model, here the tachyonic states may also appear only in the sector with N L = 0. From the Virasoro constraint (4.10) we learn that the condition N L = 0 (and the fact that after GSO projectionN
In the simplest case of (p
, which is analogous to the m = 1 case in (3.46) and corresponds to the charged vector bosons of the massless heterotic string level, (4.12) reproduces the standard infinitesimal magnetic instability of non-Abelian theory (considering Q L , fĴ R > 0, one has (E +fĴ R ) 2 = −fĴ R (2Q L −fĴ R ) < 0 for f infinitesimal). Another special choice that demonstrates the presence of tachyons at higher string 23 As in (3.36) p α are momenta of extra (here 6) dimensions which may be assumed, e.g., to be compactified on a torus. levels is p
L and (4.10),(4.13) become identically the same as the conditions (3.41),(3.45) with Q R = 0, p I L = 0 (3.46), i.e. we get 
These states become tachyonic for f cr(1) > f > f cr (2) with (cf. (3.47))
The inequality analogous to (3.48) shows that as the bosonic model or the heterotic model with KK embedding, the heterotic model with gauge sector embedding also has an infinite number of tachyons for any (e.g. arbitrarily small) value of the magnetic field strength f .
Concluding remarks
Generalizing the previous work [1] we have shown here that, as the model of open superstrings, the models of closed superstrings and heterotic strings in constant magnetic field are also exactly solvable. The resulting structure of the string Hamiltonian is very simple: it is given by the free-theory part plus the gyromagnetic-type interaction term, which is linear in the magnetic field strength (see (3.36),(4.9)).
We have studied in turn the two non-supersymmetric heterotic string models (2.7) and (2.14) (with world-sheet supersymmetry in the 'right' sector), which correspond to the two possible ways to embed the Abelian magnetic field into heterotic string theory: (i) KaluzaKlein embedding in the case of toroidal compactification from 10 to 4 dimensions, and (ii) embedding in the internal gauge symmetry sector of the 10-dimensional theory (which can be further compactified on some manifold M 6 ). While the second case is closer to realistic magnetic field backgrounds, the two models are related (with the latter being essentially a 'truncation' of the former). This is not surprising given that the internal gauge symmetry group of the heterotic string also originates from a (chiral) compactification on a special 16-torus [11] . The two types of U (1) gauge fields are indeed particular members of the set of 28 Abelian vector fields which are present in the case of toroidal compactification of the heterotic string [22] . The two heterotic models have similar properties. In particular, both exhibit a tachyonic instability, i.e. contain states with complex energy in their spectra. The novel feature of the closed string theory compared to the open string one is the presence of states with arbitrarily large values not only of masses and spins but also of charges. This leads to a remarkable closed string generalization of the well-known magnetic instability of nonAbelian gauge theory: there exist an infinite number of closed string tachyonic states for any value of the magnetic field strength f . Since the gyromagnetic coupling term in (mass) 2 (∼ M 2 0 − 2f Q LĴR + ...) is given by the product of the magnetic field strength f with charge Q L and angular momentum (= spin S R minus the Landau orbital momentum number), the states with the free string mass term M 2 0 ∼ m 2 /α ′ , spin S R ∼ m 2 and charge Q L ∼ m/ √ α ′ will become tachyonic for √ α ′ f ∼ 1/m. This instability should apply to 10-dimensional heterotic string as well as to any of its compactifications to 4 dimensions. It can be eliminated only if massive states receive Planck-mass corrections to their free-theory masses. Thus in heterotic string theory there are directions in the space of possible backgrounds along which an infinitesimal (supersymmetry breaking) deformation produces infrared instabilities (which, being associated with both massless and massive level states of the free theory, remain even after states of the massless level get small masses).
It should be noted that since these infinitesimal instabilities are due to states with large charges Q, whose tree-level masses may receive important loop corrections, it might disappear at the string loop level. For example, if we restrict consideration to states with gQ << 1, where g is the string coupling, then the minimal critical magnetic field will be of order √ α ′ f ∼ g, i.e. will no longer be infinitesimal (once massless level particles also become massive as a result of symmetry breaking).
In the context of the bosonic string theory it was shown [2] that the same pattern of instabilities appears also in a more general class of models describing magnetic field configurations (in particular, with vanishing antisymmetric tensor, like a = 1 or a = √ 3 dilatonic Melvin backgrounds). In these cases the mass M 2 = E 2 − p 2 α is invariant with respect to the residual Lorentz group acting in directions orthogonal to the (x 1 , x 2 )-plane. We expect similar tachyonic instabilities to be present also in the heterotic string versions of these models (which do not preserve space-time supersymmetry either).
